1. Introduction. Let X be a compact metric space and let h be a topological embedding of X into the interior of a nonclosed, piecewise-linear 3-manifold M .
We say ¿(X) is definable by free 3-manifolds if h{X) = (~Y°, H . where H. is a compact polyhedron in Int M (the interior of M ), each component of H . is a 3-
manifold with free fundamental group, and H. . C Int H .. Keep this notation fixed throughout the introduction.
In general the embedding h may determine if h(X) is definable by free 3-manifolds. (See the examples in [23] , [4] , [5] .) This paper gives shape properties of the components of X that imply h(X) is definable by free 3-manifolds.
( §4, which deals with properties of special embeddings of 1-dimensional compacta, is an exception.) Our properties (uv(r, s; G) and UVF defined in §2) fall under the category of "UV" or shape properties. We have chosen to define them in shape terms (i.e., ANR-sequences) rather than by neighborhood pairs (as in [19] Let « be a positive integer. If the components of X are 2-spheres, diadic solenoids, toroidal continua, or are definable by cubes with no more than n handles, then Theorem 15 implies that h(X) is definable by free 3-manifolds.
Another special case of the following question is answered in [22] . If each component of a compact set V embedded in the interior of a 3-manifold is definable by free 3-manifolds, is V definable by free 3-manifolds?
We will assume the reader is acquainted with regular neighborhood theory [28] and geometric group theory [12], [15] . A good reference for algebraic topology is [25] .
We will use Z , p a prime or zero, to denote the integers modulo p (Z. is the integers). We only use Z as coefficient group for homology groups. In a given context p will remain fixed. (We also use Z., Z., Z as names for polyhedra.
There should be no confusion.)
We adopt the convention that unidentified arrows between homology or homotopy groups will denote inclusion induced homomorphisms. In this section we will show properties uv(r, s; G) and UVF, defined below, are shape properties for compact metric spaces. We will use the ANR-sequence approach to shape developed in [13] , [14] . See p. 6l of [13] for a complete set of the definitions involved and a comparison with Borsuk's definition of shape [3] .
Let X be a compact metric space. Then X = |Xn, pn ,! is an ¿¡NR-sequence associated with X if X is an inverse sequence of compact ANR's for metric spaces and X is homeomorphic to the inverse limit of X-We will suppress the homeomorphism between X and the inverse limit of X-A map of sequences f: X -* Y where Y = ÍY , g A consists of an increasing function /: N -» N (N is the natural numbers) and a collection of maps / : X,, .
-» Y such that / p,, , ,, /, is homo-
topic to g » / i for n < n'. Two maps f, g: X -» Y are homotopic, f ~ g , provided for each n in Ai there is an n' in N, n' > f(n), e(n), such that / p., . , - We will need the following items to define properties uv(r, s; G) and UVF.
If A is a finitely generated group let the rank of A, written pA, be the least number of generators in a presentation of A. We will use the following properties of rank. (J. E. Leech provided the proof of (4).) (1) If A is a finitely generated group and f: A -* B is an epimorphism then pB < pA. (2) If A and B are finitely generated abelian groups and j: A -* B is an epimorphism then pA < pB + p ker /. more than s + I boundary components and h(X) C Int H. Since X has property uv(2, s; Z ) we can find compact polyhedra P and R contained in U such that each component of P or R is a 3-manifold, P C Int R, b(X) C Int P, and for each component P of P and R of R such that P C R we have p image [// (P* ; Z ) -» HAr'; Z )] < s. ¿ p ¿ pSuppose P is a component of P and P is contained in R , a component of R.
Let H be obtained from P by adding to P all components of the closure of R' -P that do not intersect ¡9/?', the boundary of R'. Note W D P', dH CdP , each component of R -H meets <3R , and if P is another component of P then //' contains P" or ft' O P" = 0. If H and H are obtained from components P and P of P, respectively, as in the preceding two paragraphs then H Ci H = H , H , or 0. Suppose not. Since P O P = 0 there exist components O of the closure of R -P and Q of the closure R" -P" such that Q' O Q" 4 0, do' C P', do" C P", P' C Q", and P" C O/.
Hence Q'u Q" is a closed 3-manifold contained in M , an impossibility. Now a maximal disjoint collection of the 3-manifolds H will be the components of the required H.
3. Simple moves in 3-manifolds. In this section we will develop the algebraicgeometric background we need. This section relies heavily on results of D. R.
McMillan, Jr. is a free group). Then by applying extended simple moves to Z in M we can obtain a Z" such that each component of Z. is simply connected.
Proof. Let / be the smallest integer such that each component of Z has free image in some W , s < I. We will induct on /. Proof. The finiteness theorem [7] , [8] implies that R is piecewise-linearly homeomorphic to a finite interior connected sum P. #•••# P, of prime 3-manifolds.
The proof of Lemma 1 of [24] shows that any prime 3-manifold that is not irreducible is an S bundle over S . Since the fundamental group of R is isomorphic to the free product of the fundamental groups of P., • • •, P,, each P . has free fundamental group. By Lemma 9 each irreducible P . is a handlebody or a homotopy 3-sphere.
4. 1-dimensional compact sets. In this section we investigate the relationship between arc pushing properties, separation properties, and definability by handlebodies for compact sets of dimension no larger than one. A. X is definable by thin handlebodies.
B. // p and q are distinct points in X there is a tame (i.e., definable by 3-cells in Al ), compact, ^-dimensional subset of X that separates p and q.
C. X has the strong arc pushing property.
Proof. We can assume Al is compact. In order to show statement A implies statement B, let p and q be distinct points of X. It is sufficient to find a tame e., h., 1 < i < s; such that e. is less than e/9s, e. is less than the distance from X to i. , • • • h ,(A , U -U A . .), f . is less than the distance from X to dA . , has at most /+ 1 components. Hence M -Int Q has at most /+ 1 components.
We will now show g3 has at most p/V2(M3; Z7) + I + 1 boundary components. A (homotopy cube-with-hand les) homotopy handlebody is a 3-manifold homeomorphic to the interior connected sum of a homotopy 3-sphere and a (cube-withhandles) handlebody. The meaning of being definable by homotopy handlebodies (or homotopy cubes-with-handles) should be clear.
If X is a compact metric space Borsuk [3] says the fundamental dimension (1) if the dimension of X is < 1, HX) is definable by handlebodies, and (2) if Fd(X)< 1, then />(X) is definable by homotopy handlebodies.
Proof. If the dimension of X is < 1, by Lemma 12 we can embed X in E so as to be definable by thin handlebodies. Hence X has properties uv(2, 0; Z ) and UVF. By Corollary 16, h(X) is definable by homotopy handlebodies. Using A continuum is a compact connected metric space. A topological space is locally n-connected, n > 0, if the space is locally connected in dimension i for 0 < i < n. See [9] .
Lemma 18. Let p = 0 or a prime and let n be a nonnegative integer. Suppose X is a locally n-connected continuum contained in the interior of a nonclosed, Proofi-Let N be a compact, polyhedral 3-manifold in Int Al3 such that h(X)C Int N3 and ¿V3 retracts onto h(X). Note the inclusion h(X)C ¿V3 induces monomorphisms on homology and homotopy groups. We will prove (1). The proof of (2) is similar. If h(X) is definable by free 3-manifolds then 77j(X) is free.
By Lemma 18 and the Addendum, X has properties uv(l, 777; Z ) and uv(2, /; Z )
for ttz = p//j(X; Z ) and / = pH2(X; Z ). Again by Lemma 18 we see X has property UVF. By Theorem 15 we are done.
